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Abstract. In this paper, we study theoretically the optomechanical interaction of
an almost pure condensate of photons with an oscillating mechanical membrane in
a micro-cavity. We show that in the Bogoliubov approximation, due to the large
number of photons in the condensate phase, there is a linear strong effective coupling
between the Bogoliubov mode of the photonic Bose-Einstein condensate (BEC) and the
mechanical motion of the membrane which depends on the nonlinear photon-photon
scattering potential. This coupling leads to the cooling of the mechanical motion, the
normal mode splitting (NMS), the squeezing of the output field and the entanglement
between the excited mode of the cavity and the mechanical mode. We show that, in
one hand, the nonlinearity of the photon gas increases the degree of the squeezing of
the output field of the micro-cavity and the efficiency of the cooling process at high
temperatures. In the other hand, it reduces NMS in the displacement spectrum of the
oscillating membrane and the degree of the optomechanical entanglement. In addition,
the temperature of the photonic BEC can be used to control the above-mentioned
phenomena.
PACS numbers: 42.50.Pq, 67.85.Jk, 42.50.Wk, 03.65.Ud
Keywords: Photonic Bose-Einstein condensate, cavity optomechanics, ground-state cool-
ing, optomechanical entanglement, field squeezing
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1. Introduction
The interactions between light and matter have been studied and implemented in a wide
variety of systems from cavity QED to solid-state systems for many years [1]. One type of
light-matter interactions which has attracted much attention over the past decade is the
optomechanical(OM) coupling between radiation pressure and a mechanical oscillator
(for a recent review, see, e.g., [2]). In an OM cavity, the electromagnetic field affects the
mechanical motion of a movable mirror via radiation pressure resulting the OM coupling
between the cavity field and the mechanical element. Because of the dependence of the
cavity length on the intensity of the field, the OM interaction is intrinsically nonlinear [3].
The OM coupling was first considered to trap and control the dielectric particles [4] and
then to detect the gravitational waves [5]. However, the field of optomechanics has
undergone a rapid progress during the past years and is currently subject to intensive
research investigations. Nowadays, the OM coupling can be realized in many different
configurations with a wide range of mechanical frequencies (from kHz to a few GHz)
and of effective masses (from pg to kg) [2].
As a few examples of OM setups, we can mention to the Fabry-perot cavities
with a moving end mirror [6], suspended dielectric membranes [7, 8], photonic crystal
cavities [9, 10] and cold atoms trapped inside optical cavities [11, 12]. Furthermore,
different applications have been considered for the OM systems such as high precision
detection and measurement of small forces, displacements and masses [2]. Nevertheless,
the feature that makes the OM system more interesting is the fact that it is one of
the most promising candidates for exploring quantum effects in the mesoscopic and
macroscopic scales [13, 14]. The main obstacle to observe quantum behaviour in the
macroscopic scales comes from thermal noise. As a matter of fact, in order to prepare a
macroscopic mechanical object in a quantum state it is necessary to cool it down to its
motional ground state. In the OM setups, due to the finite lifetime of the photons, the
radiation pressure force is non-conservative and it can provide an extra mechanical
damping under certain circumstances which leads to the cooling of the mechanical
element [2]. This cooling mechanism, which is referred to as back-action (or self) cooling
in the literature [15], has been studied theoretically [16–18] and it was experimentally
realized in the regime of a few phonons [13,19] and even close to the ground state [20].
The possibility of the ground state cooling has been also predicted theoretically in the
resolved side band regime [17, 21] but it has not yet been achieved experimentally.
Optomechanical systems have attracted considerable attention in connection with
their ability to generate entangled states of macroscopic objects. The radiation pressure-
induced entanglement between two mirrors of a ring cavity was first proposed in [22].
After that, many other schemes have been proposed to generate entanglement between
different subsytems in the standard OM as well as hybrid OM systems [23–26]. Aside
from the generation of entanglement, the possibility of producing nonclassical sates
of both the mechanical motion and cavity field have been investigated in various OM
configurations [27–29]. One other noticeable feature of the OM systems is relevant to
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the phenomenon of normal mode splitting (NMS) which stems from the strong coupling
of two degenerate modes with energy exchange taking place on a time scale faster
than the decoherence of each mode [18]. The optomechanical NMS, which has been
experimentally observed [30], may be taken into account in those experiments that seek
to demonstrate ground-state cooling of the mechanical oscillator [21, 31]. In recent
years, there has been an increasing interest in nonlinear hybrid OM cavities, where
the nonlinearity is mainly contributed by the nonlinear media, such as optical Kerr
medium [32], optical parametric amplifier(OPA) [33], or combination of both (Kerr-
down conversion nonlinearity) [34]. It has been shown that the Kerr nonlinearity shifts
the cavity frequency and weakens the OM coupling [32], the OPA leads to strong
OM coupling via increasing the intensity of the cavity field [33], and the Kerr-down
conversion can lead to significant photon-phonon entanglement simultaneously with
ground-state cooling of the oscillating mirror [34].
On the other hand, hybrid optical cavities containing an atomic Bose-Einstein
condensate(BEC) have been identified as suitable candidates for realization of the OM
coupling arising from the dispersive interaction of the BEC with the cavity field [35].
In such systems, the fluctuations of the atomic field, i.e., the Bogoliubov mode, plays
the role of the vibrational mode of the mechanical oscillator in an OM cavity [36]. In
comparison to the standard OM setups, the OM cavities assisted by BEC operate in a
different regime and provides a OM strong coupling as well as the Kerr nonlinearity in
the low-photon number regime [37]. Furthermore, it has been shown [38] that in the
Bogoliubov approximation the atomic collision affects the dynamics of the system by
shifting the energy of the excited mode and provides an atomic parametric amplifier
interaction.
Despite the bosonic nature of photons, it was believed for a long time that
the realization of photonic BEC faces a fundamental obstacle. The problem lies in
vanishing mass and chemical potential of photons which make it very difficult to cool
a fixed number of photons such that they form a condensate. However, the BEC
phase transition was observed experimentally for the first time at room temperature
for photons trapped in a dye-filled optical microcavity with two curved mirrors at a
small distance in comparison to their dimensions [39, 40]. The cavity mirrors provide a
non-vanishing mass in the paraxial approximation [41] as well as a harmonic trapping
potential for photons [39, 40]. In addition, photons can be thermalized via multiple
absorption and re-emission by the dye molecules [40]. In this way, the photon gas is
formally equivalent to a two-dimensional trapped massive boson gas and so the photonic
BEC phase transition is possible. It should be noted that in contrast to the laser, the
condensation of photons is a thermal equilibrium phase transition.
Following the first successful experimental realization, the BEC of photons, as a
new state of light, has attracted much attention in recent years. Besides further relevant
experimental investigations [42–44], various theoretical studies have been carried out to
explain the equilibration and properties of the system in the framework of statistical
mechanics [45–47], non equilibrium Green’s function [48–50] and nonlinear Schro¨dinger
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equation [51, 52]. In addition, some other theoretical schemes have been proposed to
achieve thermalization and BEC phase transition of a photon gas in a dilute non-
degenerated atomic gas [53], in a one-dimensional barrel optical microresonator filled
with a dye solution [54], in an optomechanical cavity with a segmented moving mirror
[55], and in a multimode hybrid atom-membrane optomechanical microcavity [56].
Furthermore, the temperature-dependent decay rate [57] and enhanced dynamic stark
shift [58] of an atom interacting with a BEC of photons have been theoretically studied.
In spite of various works which have been done on the photonic BEC, the issue of
its interaction with matter systems have received less attention. Inspired by the existing
studies on the interaction between atomic BEC and OM systems and also motivated
by the similarities between photonic and atomic BECs, in this paper we consider the
linear OM coupling of a BEC of photons with the mechanical oscillator in an OM
cavity. We study the dynamical effects of the radiation pressure force induced by the
photonic BEC. The cooling of the mechanical mode and the steady-state entanglement
between the mechanical mode and the Bogoliubov mode of the BEC are investigated.
The coherence of the photonic condensate causes an effective strong coupling between
the collective excitations of the condensate and the mechanical modes. In addition, the
evidences of a weak photon-photon interaction in the photonic BEC has been observed in
the experiment [39]. Actually, this interaction has significant influence on the behaviour
of the OM system, so it can provide a tool to extract information about the photonic
BEC via measuring the properties of the OM system. We show that the photon-photon
interaction and BEC temperature can also be considered as the control parameters to
achieve quantum effects.
The remainder of this paper is organized as follows. In the section 2, we introduce
the physical model of the system under consideration. In section 3, by considering
an almost pure condensate with weak two-body interaction, we apply the Bogoliubov
approximation to the Hamiltonian of the system. We devote section 4 to the derivation
the equations of motion describing the system dynamics within the input-output
formalism. In section 5, we study the cooling and the displacement spectrum of
the mechanical mode. Section 6 is allocated to investigate the output intensity and
quadrature squeezing spectra and in section 7, the steady-state entanglement between
the collective excitation mode of the photonic BEC and the mechanical mode is studied.
Finally, we summarize our conclusions in section 8.
2. Physical Model
In this section we model the optomechanical interaction of an oscillating micromechan-
ical element with a BEC of photons in a microcavity which is pumped by a coherent
field (figure 1). The microcavity consists of two curved mirrors with curvature R which
are fixed at distance L from each other. When L ≪ R the longitudinal mode number
can be fixed and the cavity field is equivalent to an effectively massive two-dimensional
photon gas which, due to the mirrors curvature, is confined in a harmonic trap with
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frequency ωt =
c√
RL/2
where c is the speed of light [39,40]. Therefore, the frequency of
each cavity mode in the paraxial approximation (i. e., the longitudinal wave number k‖
to be much larger than the transverse wave number k⊥) is given by [59] ωk = c|k| where
ωk ≃ c(k‖ + 1
2
k⊥
2
k‖
) =
2pinc
L
+ (2l + |m|+ 1)ωt, (1)
with l and m being, respectively, the radial and the azimuthal quantum numbers. Thus,
the transverse wave number is given by k⊥ = 2pinL
s√
RL/2
where for the sake of brevity,
we have defined s = 2l + |m| + 1 which is also the degeneracy of the cavity modes.
In addition, the fixed longitudinal mode number n determines the cut-off frequency of
the cavity, ωcut = 2npic/L, as well as the effective mass of photons, mphoton = h¯ωcut/c
2.
The photon gas can be in thermal equilibrium with a reservoir at temperature T with
non-zero chemical potential and so it can undergo a BEC phase transition when the
total number of photons in the cavity Nt ≃ 2LPh¯ωcutc (with P the pump power) is larger
than the critical photon number Nc ≃ pi23 (kBTh¯ωt )2 [39]. In the experiment of photon
BEC generation [40] the phase transition occurred at the critical power of (1.55±0.6)W
corresponding to the critical photon number Nc = (6.3±2.4)×104 at room temperature
(kBT/h¯ωt ≃ 150). In that experiment, the effective mass of photons and the trap
frequency are mphoton ≃ 6.7× 10−36kg and ωt ≃ 2pi × 4.1× 1010Hz, respectively.
Figure 1. (Color online) Schematic diagram of an optomechanical microcavity of
length L composed of a vibrating membrane with damping rate γ in the presence of
a BEC of photons. The cavity is coupled to the external environment via one of its
mirrors with decay rate κex. Furthermore, the cavity field is driven with an input
coherent field.
As shown schematically in figure 1, the mechanical element is considered to be
a semi-transparent, thin dielectric membrane inside the cavity which can vibrate at
eigenfrequencies Ωq = vs |q|, where vs is the sound velocity and q is the associated
two-dimensional wave vector of phonons. The Hamiltonian of the system in the grand
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canonical ensemble can be written as
H = Hf +Hm +HI ; (2a)
Hf =
∑
k
(h¯δk − µ)a†kak
+
1
2
∑
q
V (q)a†k+qa
†
k′−qak′ak + i
∑
k
ηk(a
†
k − ak), (2b)
Hm =
∑
q
h¯Ωqc
†
qcq, (2c)
HI = −
∑
k
h¯gk(q)a
†
k+qak(cq + c
†
−q), (2d)
where all the summations are taken over two-dimensional wave vectors. The term
Hf is the Hamiltonian of the photon gas with chemical potential µ and ak(a
†
k) is the
annihilation(creation) operator of a photon in the mode k. The second term in the
Hamiltonian Hf denotes the photon-photon scattering with the interaction potential
V (q), which can arise from the Kerr nonlinearity or thermal lensing in the cavity
medium [39]. The third term in the Hamiltonian of (2b) describes the cavity pumping by
a coherent field with real amplitude ηk and frequency ωp. The Hamiltonian Hf has been
written in the frame rotating with pump frequency, so δk = ωk−ωp. Equation (2c) is the
free Hamiltonian of the mechanical oscillator where ck(c
†
k) is the annihilation(creation)
operator of a phonon in the mode q. The Hamiltonian of (2d) represents the interaction
of the membrane motion and the cavity field, where gk(q) is the linear OM coupling
constant. This part of the total Hamiltonian describes the scattering of photons between
the different cavity modes by the mechanical motion of the membrane. In the interaction
Hamiltonian, due to the large free spectral range of the cavity field, we have assumed
that the membrane oscillations can not induce transitions between the modes with
different longitudinal modes.
In order to have a non-vanishing chemical potential and so a BEC of photons, it is
necessary to have a thermalization mechanism in the micro-cavity, such as multiple
absorption and reemission of photons by a dye solution [39, 40] or other proposed
thermalization schemes [55, 56, 60]. Here, we have assumed that the thermalization
process takes place much faster than the optomechanical coupling, which is relevant
for the typical experiment data [2,40]. Thus, during the optomechanical interaction the
photon gas remains in the thermal equilibrium, so the thermalization mechanism has not
been included in the Hamiltonian of the system and it is not also shown in the figure 1.
However, we will take into account the effects of the thermalization process as a thermal
reservoir for the cavity field (see section 4). In addition, the cavity field is assumed to
be coupled to an external reservoir via one of the end mirrors and we consider a vacuum
input noise due to this coupling. It is also worth pointing out that, depending on the type
of the microcavity, other kinds of mechanical elements (instead of the micromechanical
membrane) might be considered such as photonic crystal membranes [10], surface
acoustic waves on a mirror [61], segmented [55], or deformable [62] end mirror . In
this paper, we analyse our results based on the experimentally feasible parameters for
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the case of micromechanical membrane setup, where the mechanical frequency is of the
order of MHz, while the single-photon OM coupling is of the order of kHz [8, 9]. Also
the cavity decay rate is set to be a few MHz.
3. Bogoliubov Approximation
To proceed further, we now assume that the total number of photons is far above the
BEC threshold, Nt ≫ Nc, so there is a macroscopic number of photons (N0 ≫ 1) in the
ground state of the cavity field and the chemical potential is equal to the lowest energy
of the cavity field. On the other hand, since the two-body interaction is weak in this
system [39] we can apply the Bogoliubov theory to the photon gas [41, 57]. Replacing
a0, a
†
0 (l, m = 0) by
√
N0 and keeping only leading terms in
√
N0 in each term of the
Hamiltonians of equations (2b) and (2d), we obtain
Hf ≃ E0 +
∑
k 6=0
(h¯δk − µ)a†kak
+
1
2
V0N0
∑
k 6=0
(a†−ka
†
k + a−kak) + i
∑
k 6=0
ηk(a
†
k − ak), (3a)
HI ≃ −
∑
q 6=0
2h¯g(q)
√
N0(a
†
q + a−q)(cq + c
†
−q), (3b)
where E0 is a constant and does not affect the dynamics of the system. Here, the
indices k and q denote only the transverse wave numbers (k⊥), so the summations are
taken over {lm} 6= {00}. In equations (3a,3b) we have neglected the dependence of
OM coupling on k, which is justified in the paraxial region. Equation (3a) shows that
in the Bogoliubov approximation the photon-photon interaction takes the form of a
parametric coupling between the modes k and −k which can lead to photon squeezing.
We have also assumed that the two-body interaction potential is constant [57] and it is
given by V0 = ζ(h¯ωtrap)/2pi where ζ is the dimensionless interaction parameter whose
experimental value is ζ ≈ (7 ± 3) × 10−4 [39]. On the other hand, the Bogoliubov
approximation leads to the linearization of the OM interaction Hamiltonian of equation
(3b). It means that we have considered only the scattering of photons from/into the
condensate phase by the OM coupling and the scattering among excited modes has been
neglected due to the small population of these modes.
Here, the important feature is that the coherence of the photonic BEC, i. e.,
the macroscopic ground state population of the photon gas not only provides a strong
effective linear coupling among the excited modes of the cavity and the mechanical
modes, but also it causes a strong parametric interaction. The condensate photon
number is given by N0 = Nt−∑
k 6=0
〈a†kak〉 but as we will see in section 5, the changes in the
value of N0 induced by the OM coupling and the photon-photon interaction is negligible.
Therefore, in the numerical calculation we use the value of N0 for noninteracting photon
gas, N0 = Nt − ∑
k 6=0
(eh¯(ωk−µ)/kBT − 1)−1.
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It is well-known [63] that the Bogoliubov transformation,
ak = ukbk + vkb
†
−k,
a†k = ukb
†
k + vkb−k, (4)
with
uk = [
1
2
(1 +
N0V0
h¯ωk
)(1 + 2
N0V0
h¯ωk
)−1/2 +
1
2
]1/2,
vk = −[1
2
(1 +
N0V0
h¯ωk
)(1 + 2
N0V0
h¯ωk
)−1/2 − 1
2
]1/2, (5)
diagonalizes the interaction term in the Hamiltonian Hf . Therefore, the total
Hamiltonian of the system in terms of the operators bk, b
†
k is given by
H ≃∑
k 6=0
h¯δ˜kb
†
kbk +
∑
k 6=0
Ωkc
†
kck
−∑
k 6=0
h¯g¯k(b
†
k + b−k)(ck + c
†
−k) + i
∑
k 6=0
η¯k(b
†
k − bk), (6)
where the detuning is δ˜k = ω˜k − ωp, with the Bogoliubov dispersion relation ω˜k =
ωk[1 + 2N0V0/h¯ωk]
1/2. In addition, we have introduced the effective coupling strength
g¯k = 2
√
N0g(k)(uk + vk) and the real effective pump amplitude η¯k = ηk(vk − uk).
Increasing the interaction parameter V0 causes g¯k to decrease. Besides, for fixed value
of Nt, increasing the temperature T reduces N0 slightly, but since N0 ≫ 1, the effective
coupling does not change by T , considerably.
In order to more simplify the Hamiltonian, we first apply the unitary transformation
U = exp{i∑
k
η¯k(b
†
k + bk)/δ˜k}, which yields bk → bk+ iη¯k/δ˜k and so the elimination of the
coherent pump term. Then by introducing the symmetric and antisymmetric modes,
B
s/a
k = (bk ± b−k)/
√
2, (7a)
C
s/a
k = (ck ± c−k)/
√
2, (7b)
the Hamiltonian can be written as
H = Hs +Ha; (8a)
Hs =
∑
k>0
h¯δkB
s
k
†Bsk +
∑
k>0
h¯ΩkC
s
k
†Csk
−∑
k>0
h¯g¯k(B
s
k +B
s
k
†)(Csk + C
s
k
†), (8b)
Ha =
∑
k>0
h¯δkB
a
k
†Bak +
∑
k>0
h¯ΩkC
a
k
†Cak
−∑
k>0
h¯g¯k(B
a
k −Bak†)(Cak − Cak†), (8c)
where the constant terms have been omitted. In the Hamiltonian of the equation (8a)
the symmetric and antisymmetric modes are completely decoupled. On the other hand,
because of the similarities of the Hamiltonians Hs and Ha most of the physical results
are similar to each other for these modes. Thus, in the following sections we consider
only the symmetric modes and, for the sake of simplicity, we omit the index s in the
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corresponding relations. In addition, It is obvious from the Hamiltonian of the equations
(8b,8c) that all the modes k are decoupled and their evolutions are independent, so we
also omit the index k. Therefore, in the following the symbol Y is used instead of Y sk
where Y is any of the operators or parameters of the system. On the other hand, by
adjusting the position and the geometry of the membrane it is possible to select one of
the normal modes of the membrane to interact effectively with the cavity field and the
coupling of other modes can be neglected [64]. In the following, the numerical results
are only presented for the mode given by s = 2, which is corresponding to the first
excited mode of the cavity.
4. Dynamics of The System
To describe the dynamics of the system, we apply the input-output formalism [65].
Using the Hamiltonian of equation (8b), we can write the equations of motion as follows
B˙ = −(iδ˜ + κ)B + ig¯(C + C†)
+
√
2κexBin +
√
2κ0F, (9a)
C˙ = −(iΩ + γ)C + ig¯(B +B†) + ξc, (9b)
with κ = κex+κ0 being the total cavity decay rate, where κex is the cavity decay rate at
the input mirror and κ0 is the remaining loss rate. The damping rate of the membrane
is denoted by γ and the operator Bin is the input noise of the symmetric Bogoliubov
mode. Considering a vacuum input noise for the cavity field, 〈ain(t)a†in(t′)〉 = δ(t − t′)
and using equation (4) and (7a) we have
〈B†in(t)Bin(t′)〉 = v2δ(t− t′),
〈Bin(t)B†in(t′)〉 = u2δ(t− t′),
〈Bin(t)Bin(t′)〉 = −uvδ(t− t′).
(10)
In addition, the thermalization process is considered as coupling to a thermal reservoir
with associated noise operator F whose nonzero correlation functions are given by,
〈F †(t)F (t′)〉 = n¯thδ(t − t′), 〈F (t)F †(t′)〉 = (n¯th + 1)δ(t − t′) where n¯th = (eh¯ω˜/kBT −
1)−1. Therefore, the total noise operator for the Bogoliubov mode can be defined
as ξB =
√
2κexBin +
√
2κ0F . Similarly, the mechanical element is in equilibrium
with a reservoir at temperature Tm, so the noise operator ξc satisfies 〈ξ†c(t)ξc(t′)〉 =
2γn¯cδ(t− t′), 〈ξc(t)ξ†c(t′)〉 = 2γ(n¯c+1)δ(t− t′) in which n¯c = (eh¯Ω/kBTm−1)−1. It should
be noticed that equation (9b) is valid when Ω ≫ γ which is justified for most OM
systems [2].
Defining the dimensionless quadratures
X =
1√
2
(B +B†), P =
1√
2i
(B −B†), (11a)
x =
1√
2
(C + C†), p =
1√
2i
(C − C†), (11b)
the equations of motion (9a) and (9b) can be written in the compact matrix form
u˙(t) = Au(t) + n(t), (12)
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with u(t) = (X(t), P (t), x(t), p(t))T and the corresponding noise operator vector is
n(t) = (ξX , ξP , ξx, ξp)
T where we have defined ξX = (ξB+ξ
†
B)/
√
2 , ξP = −i(ξB−ξ†B)/
√
2,
ξx = (ξc + ξ
†
c)/
√
2, ξp = −i(ξc − ξ†c)/
√
2. The drift matrix A is given by
A =


−κ δ˜ 0 0
−δ˜ −κ 2g¯ 0
0 0 −γ Ω
2g¯ 0 −Ω −γ

 . (13)
The system is stable when the real part of all the eigenvalues of the drift matrix A
are negative. The stability condition can be checked by the Routh-Hurwitz criterion [66].
For the stable system with Gaussian noises all the stationary properties of the system
can be extracted from the Lyapunov equation [67]
AV+VAT = −D, (14)
where V is the 4 × 4 stationary covariance matrix with components Vij =
1
2
〈ui(∞)uj(∞) + uj(∞)ui(∞)〉 and the corresponding diffusion matrix D is given by
D = Diag[{κex(u−v)2+κ0(2n¯th+1), κex(u+v)2+κ0(2n¯th+1), γ(2n¯c+1), γ(2n¯c+1)}].
It should be noted that the covariance matrix V which is obtained from equation (14) is
associated to the symmetric Bogoliubov mode B. Using the Bogoliubov transformation
of equation (4), we obtain the following covariance matrix for the symmetric cavity
mode, Ak = (ak + a−k)/
√
2 in terms of the elements of V
V′ =


(u+ v)2V11 (u
2 − v2)V12 (u+ v)V13 (u+ v)V14
(u2 − v2)V21 (u− v)2V22 (u− v)V23 (u− v)V24
(u+ v)V31 (u− v)V32 V33 V34
(u+ v)V41 (u− v)V42 V43 V44

 . (15)
5. Displacement spectrum and cooling of the membrane
To study the dynamical effects of the optomechanical coupling on the mechanical
oscillator in the presence of the Bogoliubov modes of a photonic BEC, we drive
the mechanical susceptibility and the displacement spectrum of the oscillator. The
symmetrized displacement spectrum of the mechanical oscillator is defined as [17]
Sx(ω) =
1
4pi
∫
dω′e−i(ω+ω
′)t〈x(ω)x(ω′) + x(ω′)x(ω)〉, (16)
where x(ω), the Fourier transformation of x(t), can be obtained by solving the time-
domain equation of motion (12) in the frequency domain. The Fourier transform of the
time-domain operator f(τ) is defined byf(ω) = 1√
2pi
∫∞
−∞ dτf(τ)e
−iωτ . In this manner,
one obtains x(ω) = χm(ω)Fm(ω) where the mechanical susceptibility χm(ω) is given by
χm(ω) =
Ω
Ωeff
2 − ω2 − iωγeff
, (17)
with the effective mechanical frequency,
Ωeff
2 = γ2 + Ω2 − 4g¯
2Ωδ˜(κ2 − ω2 + δ˜2)
(κ2 − ω2 + δ˜2)2 + 4κ2ω2
, (18)
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and the effective mechanical damping rate,
γeff = 2γ +
8g¯2Ωδ˜κ
(κ2 − ω2 + δ˜2)2 + 4κ2ω2
. (19)
equations (17-19) represents how the radiation pressure force modifies the dynamics of
the mechanical mode.
Furthermore, Fm(ω) is the Fourier transform of the total force exerted on the
mechanical mode, given by
Fm(ω) = ξp(ω) +
γ − iω
Ω
ξx(ω) +
2g¯δ˜
(κ− iω)2 + δ˜2 ξP (20)
+
2g¯δ˜(κ− iω)
(κ− iω)2 + δ˜2 ξX ,
Inserting the above equations into equation (16) and using the following noise correlation
functions in the frequency domain
〈ξX(ω)ξX(ω′)〉 = [κ0(2n¯th + 1) + κex(u− v)2]δ(ω + ω′), (21a)
〈ξP (ω)ξP (ω′)〉 = [κ0(2n¯th + 1) + κex(u+ v)2]δ(ω + ω′), (21b)
〈ξX(ω)ξP (ω′)〉 = 〈ξP (ω)ξX(ω′)〉∗ = iκδ(ω + ω′), (21c)
〈ξx(ω)ξx(ω′)〉 = 〈ξp(ω)ξp(ω′)〉 = γ(2n¯c + 1)δ(ω + ω′), (21d)
〈ξx(ω)ξp(ω′)〉 = 〈ξp(ω)ξx(ω′)〉∗ = iγδ(ω + ω′), (21e)
we obtain
Sx(ω) =
1
4pi
|χ(ω)|2{γ(2n¯c + 1)Ω
2 + γ2 + ω2
Ω2
+
4g¯2κ0(2n¯th + 1)(δ˜
2 + κ2 + ω2)
(κ2 − ω2 + δ˜2)2 + 4κ2ω2
+
4g¯2[κexδ˜
2(u+ v)2 + κex(κ
2 + ω2)(u− v)2]
(κ2 − ω2 + δ˜2)2 + 4κ2ω2
}. (22)
It is well-known that in the strong coupling regime (2g¯ > κ) the displacement spectrum
shows NMS [2]. The NMS occurs due to the fact that when the OM coupling is strong,
instead of having two separate subsystems, i. e., an optical mode with frequency δ˜ and
a mechanical mode with frequency Ω, the system consists of two mixed modes. The
eigenfrequencies of the normal modes are given by the eigenvalues of the drift matrix
A. When γ, κ≪ Ω, δ˜ the eigenfrequencies are approximately
ω2± ≃
1
2
[(δ˜2 + Ω2)±
√
(δ˜2 − Ω2)2 + 16g¯2Ωδ˜]. (23)
The NMS can be observed as two well-resolved peaks in the displacement spectrum.
The properties of the photonic BEC affects theses peaks, so the measurement of the
displacement spectrum of the membrane provides information about the photonic BEC.
The normal modes (23) depends on the BEC parameters in two ways. First, the effective
detuning δ˜ is a function of N0V0 due to the Bogoliubov dispersion and second, the
effective OM coupling g¯ depends on N0 and V0.
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In figure 2, we have plotted the normalized displacement spectrum of the membrane
at resonance δ˜ = Ω versus the normalized frequency ω/Ω for different values of the
parameter ζ (figure 2(a)) and the temperature T (figure 2(b)). With increasing the
photon-photon interaction strength while the temperature is fixed, the effective OM
coupling is weakened and consequently, the splitting of the normal modes decreases
(figure 2(a)). On the other hand, figure 2(b) shows that by decreasing the temperature
while keeping the photon-photon interaction strength fixed, the heights of the two peaks
of the spectrum decrease, although their positions remain almost unchanged. Actually,
by decreasing the temperature the depletion of the photon BEC will decrease. However,
since N0 ≫ 1 this change does not shift the peaks considerably but due to the smaller
population of the Bogoliubov mode (see figure 5), it diminishes the heights of the peaks.
It should be noted that the resonance condition itself depends on both V0 and T . The
numerical value of the parameters are chosen to be compatible with the experiment [40].
For example, kBT/h¯ωt = 150 corresponds to the room temperature photonic BEC while
the membrane is pre-cooled to about 100mK.
Figure 2. (Color online) The normalized displacement spectrum of the mechanical
mode versus the normalized frequency ω/Ω for (a) ζ = 4 × 10−4 (blue solid line),
ζ = 10 × 10−4 (red dashed line) and kBT = 150h¯ωt; (b) kBT = 150h¯ωt (blue solid
line), kBT = 50h¯ωt (red dashed line) and ζ = 4×10−4 . The values of other parameters
are δ˜ = Ω, Ω = 7 × 10−4ωt, κex = 10−5ωt, κ0 = 5κex, γ = 0.001κex, Nt = 106, g =
4.2× 10−7ωt, and kBTm = 0.05h¯ωt.
As can be seen from equation (19), it is evident that the effective damping γeff rate
is larger than 2γ in the red-detuned regime (δ˜ > 0) so this extra damping can lead to
the cooling of the membrane. The cooling occurs because, due to the finite lifetime of
the photons, the radiation pressure force is non-conservative so that in the red-detuned
regime it acts as a friction force for the mechanical element and causes the back-action
cooling [2]. In addition, the back action cooling is more efficient when the light and
the mechanical mode are in resonance. To quantify the cooling process the effective
temperature Teff associated with the mechanical mode is defined by [65]
〈C†C〉ss = 1
eh¯Ωeff/kBTeff − 1 , (24)
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where Ωeff = Ωeff (ω = Ω). In addition in terms of the elements of the covariance
matrix V, the steady-state phonon population is given by 〈C†C〉ss = (V33 + V44 − 1)/2
which can be calculated by solving the Lyapunov equation (14).
Figures 3(a) and 3(b) illustrate, respectively, the normalized effective mechanical
damping and normalized effective mechanical frequency versus ω/Ω for two values of
the interaction parameter ζ assuming the resonance condition and keeping temperature
fixed. Figure 3(a) shows that γeff is considerably greater than γ and it decreases by
increasing the photon-photon interaction strength. The effective mechanical frequency
decreases with increasing ζ (figure 3(b)). Since the figures are plotted at resonance,
these changes arise from the decrease in the effective OM coupling.
Figure 3. (Color online) (a) The normalized effective mechanical damping rate and
(b) the normalized effective mechanical frequency versus the normalized frequency
ω/Ω for ζ = 4 × 10−4 (blue solid line) and ζ = 10 × 10−4 (red dashed line). Here,
we have set kBT = 150h¯ωt. The values of other parameters are the same as those in
figure 2.
The steady-state phonon number and the associated effective temperature are,
respectively, plotted in figures 4(a) and 4(b) versus the photonic BEC temperature
for two values of the ζ . It is obvious that at lower temperatures the thermal noise is
small and the cooling process is more efficient such that for very low temperatures the
ground state cooling, 〈C†C〉ss < 1, is even possible (figure 4(a)). On the other hand, by
increasing the two-body interaction potential, in spite of the reduction of the effective
mechanical damping rate (figure 3(a)), the phonon occupation number decreases. This
result can be understood by noting that when the system operates in the strong OM
coupling regime, the amplification of the OM coupling leads to an increase of the phonon
occupancy [2]. However, in the system under consideration, increasing the photon-
photon repulsion reduces the effective OM coupling, and thus the phonon occupancy
decreases. Thus, the mechanical cooling is more efficient in the interacting photon
BEC, but as seen in figure 4, this is not the case when the photon BEC temperature
is very low. The reason is that at low temperatures the thermal photon number n¯th
is negligible and in this limit the effect of input noise correlations (equation 10) (see
also diffusion matrix in section 4) becomes significant. The photon-photon interaction
amplifies the effects of this noise which limits the cooling efficiency. The lower limit of
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the effective temperature (≃ 0.01Tm) corresponds to the temperature about 1mK for
the experimental setup introduced in [40].
Figure 4. (Color online) (a) The steady-state phonon occupation and (b) the
normalized effective temperature versus the normalized temperature of the BEC of
photon for (a) ζ = 4× 10−4 (blue solid line) and ζ = 10× 10−4 (red dashed line). The
values of other parameters are the same as those in figure 2.
To end up this section, we consider the depletion of the BEC of photons. For this
purpose, we have illustrated the temperature dependence of the steady-state number of
photons in the excited mode of the cavity (figure 5), which in terms of the covariance
matrix elements is given by 〈A†A〉ss = (V ′11 + V ′22 − 1)/2. As is seen, increasing the
photon-photon interaction as well as the temperature leads to more population of the
excited mode. The OM coupling also slightly increases the photon condensate depletion
(see inset of figure 5). However, as is evident, the amount of depletion induced by both
the photon-photon and OM interactions is negligibly small compared to Nt. Thus, one
can safely neglect the effect of photon depletion in N0 .
Figure 5. (Color online) The steady-state population of the excited mode of the
cavity versus the temperature for ζ = 4 × 10−4 (blue solid line), ζ = 10 × 10−4 (red
dashed line) and g = 8.4 × 10−7ωt . The values of other parameters are the same as
those in figure 2. In the inset, the dot-dashed blue line represents the corresponding
photon population in the absence of OM coupling, g = 0.
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6. Output intensity and quadrature squeezing spectra
The other measurable quantities of the system which can be examined to obtain
information about the BEC of photons in the cavity and its OM interaction are the
output intensity and quadrature squeezing spectra. In this section, we calculate these
spectra to explore how they depend on the features of the photonic BEC. The output
intensity spectrum is defined as the Fourier transform of the output field correlation
function [65]
Sout(ω) =
1
2pi
∞∫
−∞
dτ〈A†out(t+ τ)Aout(t)〉e−iωτ . (25)
where the output field Aout is related to the input field Ain via Aout =
√
2κexA − Ain.
Considering the correlation functions (21a-e), the symmetric output intensity spectrum
is given by Ssout(ω) = [Sout(ω)+Sout(−ω)]/2 with Sout(ω) = 〈A†out(ω)Aout(−ω)〉. Solving
the equation of motion (12) in the frequency domain, we get
B(ω) = α1(ω)ξB + α2(ω)ξ
†
B + α3(ω)ξc + α4(ω)ξ
†
c , (26)
where
α1(ω) = d
−1{[(γ − iω)2 + Ω2][i(δ˜ + ω)− κ]
− 2ig¯2δ˜Ω}, (27a)
α2(ω) = d
−1(−2ig¯2Ω), (27b)
α3(ω) = d
−1[ig¯(δ˜ + iκ + ω)(Ω + iγ + ω)], (27c)
α4(ω) = d
−1[−ig¯(δ˜ + iκ+ ω)(Ω− iγ + ω)]; (27d)
with
d = −[(γ − iω)2 + Ω2][(κ− iω)2 − δ˜2] + 4g¯2δ˜Ω. (28)
By applying the Bogoliubov transformation (4), the relation B†(ω) = [B(−ω)]†, and the
noise correlation functions (21a-e) we obtain, after some algebra, the output intensity
spectrum as follows
Sout(ω) = 2κex{u2β1(ω) + v2β2(ω) + 2uvRe[β3(ω)]}, (29)
where the functions βi are defined as
β1(ω) = [2κexv
2 + 2κ0n¯th]|α1(−ω)|2
+ [2κexu
2 + 2κ(n¯th + 1)]|α2(−ω)|2
− 4κexuvRe[α(−ω)∗α2(−ω)]
+ 2γn¯c|α3(−ω)|2 + 2γ(n¯c + 1)|α4(−ω)|2, (30a)
β2(ω) = [2κexu
2 + 2κ(n¯th + 1)]|α1(ω)|2
+ [2κexv
2 + 2κ0n¯th]|α2(ω)|2
− 4κexuvRe[α(ω)α2(ω)∗]
+ 2γ(n¯c + 1)|α3(ω)|2 + 2γn¯c|α4(ω)|2, (30b)
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β3(ω) = [2κexu
2 + 2κ0(n¯th + 1)]α1(ω)α2(−ω)
+ [2κexv
2 + 2κ0n¯th]α2(ω)α1(−ω)
− 2κexuv[α1(ω)α1(−ω) + α2(ω)α2(−ω)]
+ 2γ(n¯c + 1)α3(ω)α4(−ω)
+ 2γn¯cα3(−ω)α4(ω). (30c)
Furthermore, to investigate the squeezing properties of the output field we calculate
the quadrature noise spectrum of the output field defined by [68],
Sφ(ω) =
1
4pi
∫∞
−∞ dωe
i(ω+ω′)t〈Xφ(ω)Xφ(ω′) +Xφ(ω′)Xφ(ω)〉, (31)
with Xφ(ω) = e
−iφAout(ω) + eiφA
†
out(ω). When Sφ(ω) < 1 the output field is squeezed.
By minimizing Sφ(ω) with respect to φ, the optimized quadrature squeezing spectrum
is obtained as
Sopt(ω) = S
s
out(ω) + CsAA†(ω)− 2|CsAA(ω)|2, (32)
where the optimum φ satisfies e2iφopt = − C
s
AA†
(ω)
|Cs
AA
(ω)| . In addition, the symmetric functions
CsAA†(ω) and CsAA(ω) are given by
CsAA†(ω) =
1
2
[C1(ω)− C2(ω) + C1(−ω)− C2(−ω)]
+ 1, (33a)
CsAA(ω) =
1
2
[C3(ω)− C4(ω) + C3(−ω)− C4(−ω)], (33b)
with
C1(ω) = 2κex{u2β2(ω) + v2β1(ω) + 2uvRe[β3(ω)]}, (34a)
C2(ω) = 4κexRe[α1(ω)], (34b)
C3(ω) = 2κex{u2β3(ω) + v2β3(ω)∗ + uv[β1(ω) + β2(ω)]}, (34c)
C4(ω) = 2κex[u2α2(−ω)− v2α2(ω)∗ − uvα1(−ω)
+ uvα1(ω)
∗]. (34d)
The output intensity and the quadrature squeezing spectra are plotted in figures
6 and 7, respectively. Increasing the photon-photon interaction strength reduces the
NMS in the output intensity spectrum via diminishing the OM coupling and of course,
increases the squeezing of the output field due to amplification of the parametric
interaction (figure 7(a)). In addition, the change of the temperature of the photonic
BEC does not affect the splitting of the normal modes considerably. However, with
decreasing the temperature, the thermal noise is reduced and thus, the depletion of the
photonic BEC will be decreased (figure 5) which cause to the attenuation of the output
intensity (figure 6(b)) and enhancement of the squeezing of the output field (figure 7(b)).
Figure 7(c) shows that in the absence of the OM coupling of the photonic BEC to the
membrane (g = 0), the microcavity output field exhibits quadrature squeezing even
at room temperature. With increasing the OM coupling the output-field quadrature
squeezing is strengthened.
Quantum dynamics of an optomechanical system in the presence 17
Figure 6. (Color online) The output-field intensity spectrum versus the normalized
frequency ω/Ω for g = 8.4×10−7ωt and (a) ζ = 4×10−4 (blue solid line), ζ = 10×10−4
(red dashed line) and kBT = 150h¯ωt; (b) kBT = 150h¯ωt (blue solid line), kBT = 50h¯ωt
(red dashed line) and ζ = 4 × 10−4. The values of other parameters are the same as
those in figure 2.
Figure 7. (Color online) The output-field quadrature squeezing spectrum versus the
normalized frequency ω/Ω for (a) ζ = 4 × 10−4 (blue solid line), ζ = 10 × 10−4 (red
dashed line), kBT = 150h¯ωt and g = 8.4 × 10−7ωt; (b) kBT = 150h¯ωt (blue solid
line), kBT = 50h¯ωt (red dashed line), ζ = 4 × 10−4 and g = 8.4 × 10−7ωt; and (c)
g = 8.4 × 10−7ωt (red dashed line), g = 0 (green solid line), ζ = 10 × 10−4 and
kBT = 150h¯ωt. The values of other parameters are the same as those in figure 2.
Quantum dynamics of an optomechanical system in the presence 18
7. The photon-phonon Entanglement
One of the most important quantum features of the OM systems is that the radiation
pressure can lead to the steady-state entanglement between the subsystems. The
entanglement measure which is usually used to quantify the entanglement of the bimodal
Gaussian state is the logarithmic negativity [15]. Here, we are interested in the
entanglement between the excited modes of the photonic BEC and the mechanical modes
in the system under consideration and the logarithmic negativity is convenient for our
purpose.
The logarithmic negativity is defined as [69]
EN = max{0,− ln 2η−}, (35)
where
η− =
1√
2
[Σ(V′)−
√
Σ(V′)− 4 detV′]1/2, (36)
is the lowest symplectic eigenvalue of the partial transpose of the associated covariance
matrix (15). Here, Σ(V′) = detV1+detV2−2 detVC, where V1, V2 and VC are 2×2
block matrices defined by
V′ =
(
V1 VC
V
†
C V2
)
. (37)
Therefore, by solving the Lyapunov equation (14) the covariance matrix V′ and so the
logarithmic negativity can be calculated.
In figure (8) the logarithmic negativity is plotted versus the normalized detuning
(δ˜ − Ω)/Ω for different values of the parameter. The figure shows that the degree
of photon-phonon entanglement decreases when the photon-photon scattering becomes
stronger. This is due to the reduction of the effective OM coupling g¯,. In addition, for
the system to be in an entangled state, the effective detuning should be adjusted close
to the instability region. Furthermore, the plot of the logarithmic negativity versus the
BEC temperature (figure (9)) shows that there is a threshold temperature that above
it the thermal noise prevents the system to be in an entangled state. As can be seen
from figure (9) the threshold temperature depends on the nonlinearity induced by the
photon-photon interaction; the weaker the nonlinearity of the photon gas, the higher is
the threshold temperature.
8. Conclusions
To summarize, we have considered a system consisting of a photon BEC much below the
threshold and an oscillating membrane in a micro-cavity. We have investigated the OM
dynamics of the system by applying the Bogoliubov approximation to the photonic BEC.
In this approximation, the macroscopic occupation of the ground state of the cavity not
only leads to a strong coupling between the collective excitation mode of the photonic
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Figure 8. (Color online) The logarithmic negativity versus the normalized detuning
(δ˜−Ω)/Ω for ζ = 5×10−4 (red dashed line), ζ = 4×10−4 (blue solid line), ζ = 3×10−4
(black dot-dashed line), kBT = 1.5h¯ωt, and g = 8.4 × 10−7ωt. The values of other
parameters are the same as those in figure 2.
Figure 9. (Color online) The logarithmic negativity versus the normalized
temperature of the photon condensate for ζ = 5×10−4 (red dashed line), ζ = 4×10−4
(blue solid line), ζ = 3 × 10−4 (black dot-dashed line), δ˜ − Ω = −0.2Ω, and
g = 8.4 × 10−7ωt. The values of other parameters are the same as those in figure
2.
BEC and the mechanical motion but also causes a strong parametric interaction in the
photon gas.
The study of the radiation pressure back action cooling shows that by decreasing the
temperature of the photonic BEC, it is possible to cool down the mechanical element
to its ground state. Although lower effective temperature can be achieved when the
photon-photon interaction is stronger, but it is not the case for low temperatures since
further cooling is prevented by the correlation of the input noise. Furthermore, the
NMS can be observed in the displacement spectrum of the membrane as well as in the
output intensity spectrum which decreases with increasing the nonlinearity induced by
the photon-photon interaction.
We have examined the field quadrature noise spectrum which demonstrates that
the output field from the microcavity can be quadrature squeezed. Based our results,
the amount of squeezing is enhanced when the photon-photon repulsion and the OM
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coupling increases and the BEC temperature decreases. We have also shown that a
stationary entanglement can be established between the membrane and the collective
excited mode of the photonic BEC when the temperature is below a threshold value
and the nonlinear photon-photon interaction is weak enough.
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